A Real Space Description of the Superconducting and Pseudogap Phase 
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In this work, we study the relationship between the superconducting phase and pseudogap phase 
in a real-space picture. We suggest that the superconducting ground states are guaranteed by the 
energy minimum charge structure of the quasi-one-dimensional Peierls chains (static vortex lines). It 
is shown that there is a charge ordering phase transition from the Peierls chains (the superconducting 
ground state) to the periodic chains (the superconducting excited state) in any superconductors. In 
our scenarios, all the superconducting electrons can be considered as the "inertial electrons" at some 
stable zero-force positions. Furthermore, we prove analytically that two electrons, due to a short- 
range real space Coulomb confinement effect (the nearest-neighbor electromagnetic interactions), 
can be in pairing inside a single plaquette with four negative ions. This implies that the pseudogap 
phenomenon can be found from a wide variety of materials, not just the cuprate superconductors. 

PACS numbers: 74.20.-z, 74.20.Fg, 74.20.Rp, 74.25.Qt 



I. INTRODUCTION 

In 1957, Bardeen, Cooper, and Schrieffer published 
the well-known microscopic theory of superconductivity^ 
Since then most physicists have come to believe that the 
superconducting state involve electron pairs bound to- 
gether by the exchange of phonons (atomic lattice vi- 
brations). In the BCS framework, it is the lattice vi- 
brations that provides the binding energy of electrons in 
the Cooper pairs. This great theory has been intensively 
challenged by the discovery of cuprate superconductors 
with a critical temperature as high as 164 some 
theoretical condensed matter physicists have started to 
doubt the reliability of the phonon-exchange-pairing su- 
perconducting mechanism^ They consider that phonons 
should be effectively ruled-out as the underlying cause of 
high-temperature superconductivity in cuprates. Con- 
sequently, many alternative quasiparticles with energies 
higher than the phonon frequencies have been proposed 
as the reason causes the loss of electrical resistance at the 
higher temperatures. In fact, these efforts have caused 
much more controversy about how can strongly repulsive 
electrons form a condensate that flows without resistance. 

In the field of superconducting, the phenomenon of su- 
perconductivity is normally interpreted in two physical 
spaces: the momentum space and the real space. In our 
opinion, it is more reliable to discuss physical problems 
in the real space where electron-electron and electron-ion 
interactions can be illustrated in a very direct and clear 
manner. However, researchers seem prefer to carry out 
all their study in the momentum-space (dynamic screen- 
ing). Besides, in order to ensure the authenticity and 
reliability of the physical description, there should not 
be any essential difference between the real-space picture 
and momentum-space picture. As we know, the BCS for- 
malism was established in the momentum-space where 
the superconducting electrons are paired in a coherent 
order quantum state, while in real-space these electrons 
are in a disorder phase. The fundamental differences be- 



tween two physical pictures of superconducting electrons 
reveal that the momentum-space BCS theory is not the 
final theory of the superconductivity. More importantly, 
Coulomb interaction is the elementary electrical force 
that causes two negative electrons to repel each other, 
furthermore, the random interactions between electrons 
and lattice ions can not be ignored. But, from the per- 
spective of the real-space dynamics, any small differences 
in force applied to each electron of a Cooper pair could 
lead to the breakdown of pairing correlations. So how 
can the real-space repulsion between electrons and the 
electron-ion interactions be eliminated to support the for- 
mation of the Cooper pairs? Obviously, the BCS theory 
of momentum-space cannot avoid this crucial challenge. 

With the invention and the application of the modern 
experimental techniques, for example the Scanning Tun- 
neling Microscopy (STM)^ researchers now can "look 
inside" into the superconductors and "see" the super- 
conducting electrons. Motivated by these new results, 
more and more researchers have tried replace the con- 
ventional superconducting picture (dynamic screening) 
with a real space picture where the superconducting elec- 
trons congregate in some quasi-one-dimensional rivers 
of charge (or vortex lines, stripes) separated by insu- 
lating domains Obviously, to construct a proper 
model and theory related to the formation of the one- 
dimensional charge rivers will be a major challenge for 
those devoting themselves to crack the mystery of high- 
temperature superconductivity. In recent years, we 
have proposed a real space superconducting mechanism 
which provide new insights into the nature of the charge 
stripes 

In the present paper, we provide a complete theoretical 
analysis of how can the Coulomb repulsion between elec- 
trons be eliminated in favor of electron pairing and su- 
perconducting. Moreover, the physical nature of pseudo- 
gap phenomenon and d-wave pairing symmetry are also 
naturally understood on the basis of the short-range real 
space Coulomb confinement effect. 
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FIG. 1: According to the energy minimum principle, the 
charge carriers (electrons) will automatically gather in some 
zero-force quasi-one-dimensional spaces. The Peierls chain 
[Si 7^ &2(= b — Si], where b is the lattice constant) corre- 
sponds to the superconducting ground state with electron- 
transfer velocity u — 0, while the periodic chain corresponds 
to a superconducting excited state with u > 0. 



II. HOW CAN THE REPULSION BETWEEN 
ELECTRONS BE ELIMINATED? 

In the momentum space (dynamic screening), the su- 
perconducting electrons are randomly distributed in the 
real-space at the same time. This implies that there 
doesn't exist two itinerant electrons (the so-called pairing 
electrons) with the exactly the same interaction environ- 
ment. Hence, the Coulomb interaction between two elec- 
trons (Cooper pair) of the dynamic screening can not be 
completely suppressed by the other electrons and ions. 
Now, how can the repulsion between electrons be sup- 
pressed to support the occurrence of superconductivity? 
The answer lies in the quasi-one-dimensional real-space 
stripes, as shown in Fig. [TJ 

In the previous paper^ we proved theoretically that 
a static one-dimensional vortex line (Peierls chain, or 
charge stripe) can be naturally formed inside the super- 
conducting plane. The stable charge stripe is confined by 
the domain- walls of the positive ions (see Fig. [JJ . Driven 
by an external electric field, there will occur a charge or- 
dering phase transition from the stable Peierls chain (the 
superconducting ground state of u = 0) to the periodic 
chain (the superconducting excited state of u > 0) in 
any superconductors, as illustrated in Fig. [1] For three- 
dimensional superconductors, the vortex lines can further 
self-organize into some thermodynamically stable vortex 
lattices with trigonal or tetragonal symmetry. 

In any superconducting materials, to a very good ap- 
proximation, there are mainly two kinds of Coulomb 
interactions on superconducting electron: (1) electron- 
electron repulsive interactions, and (2)electron-ion at- 




FIG. 2: The external electromagnetic forces be exerted on 
one of the electrons in Fig. [1] In our scenarios, all the super- 
conducting electrons should be in exactly the same inertial 
state. In this case, the forces on any one of them should be 
balanced as shown in this figure. 

tractive interactions. In our superconducting scenarios, 
to maintain the zero resistance property of the supercon- 
ductors it is necessary that all superconducting electrons 
should be in the zero-force state, or electron is the "in- 
ertial electrons" . Figure [2] shows the forces applied to 
one of the electrons in Fig. [JJ Due to the crystal sym- 
metry in x and z directions, all the forces (electron-ion 
interactions) in these two directions are canceled in op- 
posite directions. This can be expressed mathematically 
as follows: 

|F S | = |F-«I, |F*| = |F_,|. (1) 

In the y-direction of charge stripe, the forces on the 
electron come from the electron-electron interactions in- 
side the charge stripe. In our scenarios, when a super- 
conductor enters into the superconducting state, all the 
superconducting electrons can be considered as the "in- 
ertial electrons" and forces on any one of them should be 
balanced. Hence we have 

|F„| = |F_ V | . (2) 

According to the symmetry of the charge stripe, it is 
not difficult to find that the condition above can be sat- 
isfied naturally without depending on any "glue" . Gen- 
erally, for an infinite one-dimensional superconducting 
periodic chain with the electron-electron spacing 5 = b/2 
and electron-transfer velocity u > (as shown in Fig. 
[TJ. Now, let us suppose one of the electrons (marked by 
"0" in Fig. [3]) has a small displacement in ^-direction 
(x -C S), if the velocity u = 0, the other electrons inside 
the stripe will repel the electron "0" through the elec- 
trostatic field. The repulsive forces from the symmetry 
electron pair (I, —I) of Fig. [3] can be expressed as: 

F e (/,-0 = -e(Ef + E e _ ; ) 

e 2 cos#. e 2 x . 
~ 2ne rf 1 ~2-Ke rf h ^ ' 
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FIG. 3: The electron "0" with a small displacement in re- 
direction (x <C 8) will experience a repulsive electrostatic 
force and an attractive magnetic force by the other electrons 
in the charge stripe. 



where Ef and Fj e _ l are the electrostatic field generated by 
the electron I and electron —I, respectively, and i is the 
unit vector in x-direction. 

When the velocity u ^ 0, apart from the repulsive 
electrostatic force, the electron will experience an at- 
tractive magnetic force exerted by the other electrons. 
According to electromagnetic theory, we can find that 
the magnetic field generated by the electron I around the 
by the electron can be expressed as: 



B, 



(i eu x r; 



(4) 



The above magnetic field will exert on the moving elec- 
tron with the following Lorentz force: 



= — eu x B ; 

Airrf 



Hoe 2 u 2 x 



4n(x 2 +l 2 5 2 fl 2 



(5) 



tromagnetic force on the electron: 

oo 

FTotal - -Z)+F m (/,-Z)| 

1=1 



2 = 1 



4ire 5 3 

7T£ & 3 



(8) 



where <r(3) is a zeta function. 

It can be easily found from Eq. ([5]), if the displace- 
ment x ^ 0, the FTotal is always positive. Then from the 
view point of energy, this repulsive force will lead directly 
to an increase in the system energy, which in turn de- 
crease the stability of the superconducting state. But, it 
is clear that if x = 0, we have FTotal = according to Eq. 
© . This result indicates that a perfect one-dimensional 
charge-chain can not only reduce the energy of the su- 
perconducting state, but also eliminate completely the 
repulsion between the electrons inside the charge stripe. 



III. PSEUDOGAP STATE 

One of the highly controversial issues in the under- 
standing of high-temperature superconductivity is the 
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Similarly, we can define a pair of magnetic force on the 
electron as follow 



F m (l,~l) = F[ 



2F7 



Hoe 2 u x . 
2^f 



(6) 



From Eq. ([3]) and Eq. ([6]), we have the following rep- 
resentation: 



F e (/,-0 



F m (l,-l) 



(7) 



Because u < c, thus from Eq. ([7]) it follows that the 
magnetic attraction F m (7, — /) is always less than the elec- 
tric repulsion F e (l 7 —I). 

When 6(= 6/2) 3> x, then we have r\ w IS. Now, 
combining Eq. © and Eq. ©, we have the total elec- 
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FIG. 4: Two electrons (a Cooper pair) inside a unit cell 
of different superconductors, (a) Two-dimensional rectangu- 
lar or square , (b) two-dimensional hexagonal structure (for 
example, MgB^\ (c) three dimensional simple cubic crys- 
tal (or body-centered cubic, face-centered cubic), (d) two- 
dimensional Cu-0 plane. We prove that the Cooper pair can 
survive only in (d) with the nearest-neighbor negative ions. 



origin of the normal-state gap (pseudogap) . There are 
many theories and models attempt to describe the pseu- 
dogap phase, yet its nature remains a mystery. Here we 
present a new interpretation of pseudogap based on the 
simple real-space Coulomb confinement effect. 

In the framework of the real-space approach (as dis- 
cussed in the above section), the most important unit of 
the superconducting phase is the one-dimensional long- 
range correlated charge stripes that may form through 
long-range lattice confinement effect (electron-electron 
and electron-ion interactions). However, we will show 
that the nearest-neighbor electron-ion correlation may be 
responsible for the mechanism of the pseudogap. Figure 
S] shows two electrons (a Cooper pair) inside a unit cell of 
different superconductors. For the cases of Figs. Bla)-(c), 
it is not difficult to find that the "Cooper pair" will be 
split up due to electron-ion interactions, while the Cooper 
pair can survive in Fig. HJd) in two special directions. 

In what follows, we pay our attention to the case of 
Fig. EJd). We try to show how can two repulsive elec- 
trons stay together inside a single plaquette and discuss 
the pairing symmetry of the corresponding pseudogap 
phase. Here, we consider only two specific situations 
where two electrons (A and B of Fig. [5]) arranged on a 
line in y and ^-direction, as shown in Figs. E^a) and (b) 
respectively. As can be seen from the figure, there are 
four nearest-neighbor ions (marked by 1, 2, 3, 4) with 
a negative charge (Q~ = —me) and four next-nearest- 
neighbor ions (marked by 5, 6, 7, 8) with a positive charge 
{Q + = ne) around the electron pair. In these two cases, 
because of the structural symmetry, we can present the 
explicit analytical expressions of the confinement forces 
on the electrons. FiguresEJa) and (b) illustrate the eight 
Coulomb forces (/i, f- 2 , h, fo, U, h and / 8 ) exerted 
on the electron A by the ions and the repulsive force (Jb) 
inside the pair. Based on Fig. [5fa) (For the sake of sim- 
plicity, suppose a — 6), we can get a general formula of 
the total confinement force F y applied to the electron A 
in y-direction as: 
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F(2) 
V ' 



(9) 



The well-known Coulomb repulsion fg can be repre- 
sented as 



Awe S 2 ' 



(10) 



where 8 is the electron-electron spacing which can be used 
to characterize the size of the Cooper pair. 

Fy 1 ^ is the total nearest-neighbor Coulomb force which 
is defined as 



= {fx+h)-{h+h) 



47T£o \d\ G?2 



(11) 



and the total next-nearest-neighbor Coulomb force F, 



(2) 



FIG. 5: The schematic plot of the confinement forces acting 
the electron pair (A and B) inside one unit cell of the super- 
conducting plane. For each electron, there are four negative 
nearest-neighbor ions (marked by 1, 2, 3, 4) with a charge 
(Q~ = —me) and four next-nearest-neighbor ions (marked by 
5, 6, 7, 8) with (Q + — ne) which will exert forces on it. Two 
special situations are considered in this study, they are (a) 
two electrons (a Cooper pair) arranged along the y-direction, 
and (b) along the a;j/-direction. 



can be expressed as 
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(12) 



5 



The parameters d±, c?2, d% and d^ are given by 



di 
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(6 2 + <5 : 



2V26 



2 ^ 3/4 6 2 -5 2 
, d 2 = 



WbS 



(2b 2 + 6 2 - 2b6) 1 / 4 y / 2b 2 + S 2 - V2b6 
4Vb~6 ' 



(2b 2 + S 2 + 2bd)^W2b 2 +S 2 + V2bd , 10 . 
«4 = ; • (lot 

Similarly, in xy-direction, we have 

Fzv = fB + FM+F<$, (14) 
and the corresponding functions are defined by 
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Fi? = n f 
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, , , n = 1,2,3... (17) 
4^e n V Dl D 2 ' 



The four distance parameters above are given by 



D, = 



Da 



(6 2 + S 2 + V2b5f' A 
2\/V2b~+25 

(b 2 + 6 2 ~ V26J) 3 / 4 
2y/V2b-2S 
(2b 2 - 5 2 ) 



4 x 2 3 / 4 VM' 



D4 



(2b 2 + S 2 ) 
AV6 



3/4 



(18) 



where 5 < a/^/2. 

In the framework of our theory, whether the two elec- 
trons become paired (Characterized by the pseudogap) 
in Figs. O^a) and (b) can be judged by the value of 
F y and F xy , respectively. For a given superconductor 
with the definite structure parameters b, Q + (— ne) and 
Q~(= —me), if there exist a value of 6 (electron-electron 
spacing) which can ensure F y = (or F xy = 0), then 
the pair can maintain it integrity in the square lattice 
of Fig. E^a) [or Fig. EJb)]. With the analytical expres- 
sions from to (|T5]). we draw in Fig. [5] and Fig. [7] the 
total forces (F y and F xy ) on the electron A (a similar 
discussion may be expected to be valid for the electron 
B) versus 5/b for the cases of the nearest-neighbor and 
next-nearest-neighbor interactions, respectively. 

Figure Oa) shows the relation between F y and A/6 
under the nearest-neighbor condition. As can be seen 
from the figure, there exist always one 6 with the force 
Fy = 0. Moreover, with the increasing of the charge of 
the ions Q~ from — e, — 2e to — 3e, the size of Cooper 
pair 6 will decrease eventually from 0.39286, 0.33246 to 
0.30156, indicating a stronger confinement effect and a 
higher Cooper-pair binding energy. When the two elec- 
trons arranged in rry-direction, the forces F xy are always 
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FIG. 6: Analytical confinement forces versus S/b in two spe- 
cial directions, (a) Two electrons (a Cooper pair) are ar- 
ranged in y-direction, in this case, a stable real-space Cooper 
pair can be formed inside the unit cell due to the existence of 
F y — 0, (b) while two electrons in :ry-direction, the confine- 
ment force F xy = is always positive, indicating an unstable 
state of the Cooper pair in this direction. These results im- 
plies a possibility pseudogap phase of d-wave symmetry in the 
superconductor. 



positive for any given m (or Q~), as shown in Fig. [D(b). 
This result implies that the pair along xy-direction can 
be easily destroyed due to the Coulomb interaction be- 
tween the pair and ions. If we use the parameter 6 as a 
measure of the binding energy (Ef, oc 1/6) of the Cooper 
pair, it is not difficult to conclude that the pair parallel to 
x- and y-axis has a minimum 6 that leads to a maximum 
binding energy in these four directions, while the bind- 
ing energy may be zero when the pair in the four diago- 
nal directions. Hence, the nearest-neighbor electron-ion 
interactions can directly lead to the d-wave pseudogap 
observed in the cuprate superconductors. To make this 
argument more convincing, we will take into account the 
next-nearest-neighbor interactions. 

When both the nearest-neighbor and next-nearest- 
neighbor interactions are present in the calculation of 
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FIG. 7: The influence of the next-nearest-neighbor interac- 
tions on the formation of the pseudogap. (a) The adding of 
the next-nearest-neighbor interactions have little impact on 
the formation of electron pair in y-direction, the pairing elec- 
trons can still maintain its integrity inside the single plaque- 
tte, (b) while in the diagonal zy-direction, these interactions 
make the pairing more difficult. 



the force F y and F xy , we find that the real-space electron 
pairing symmetry (Fig. [7]) does not change comparing to 
Fig. [S] of the nearest-neighbor interactions. Figure a) 
shows that the adding of the next-nearest-neighbor in- 
teractions almost does not affect the electron pair in the 
y-direction, very little difference in the size of Cooper 



pair 6 can be observed (see the insert figure) . fn the case 
of Fig. [7](b) , although significant changes were observed 
in the figure, but the force F xy can be guaranteed to be 
positive when considering different next-nearest-neighbor 
interactions (n = 1, 2, 3). Furthermore, the larger F xy in- 
dicates that the two electrons are much more difficult to 
be paired in the diagonal directions. These results con- 
firm our argument that the nearest-neighbor electron-ion 
interactions play an important role in the origin of the 
pseudogap phenomenon. 

From our study of the mechanism of the pseudogap 
based on the short-range real-space Coulomb confine- 
ment effect, the pair-pair interactions have been com- 
pletely neglected. This approximation is reasonable to 
describe the underdoped cuprate superconductors with a 
small carrier concentration. Whereas for the overdoped 
superconductors, the pseudogap phase will be destroyed 
by pair-pair interactions, as shown by the experimen- 
tal results. Besides, the characteristic of local nearest- 
neighbor interactions of our theory implies that the pseu- 
dogap phenomenon can be found from a wide variety 
of materials, especially those with low carrier concentra- 
tions, such as the semiconductors and some insulation 
materials. 11 



IV. CONCLUDING REMARKS 

In conclusion, we have shown that the Coulomb re- 
pulsion between electrons can be completely eliminated 
only if the charge carriers (electrons) self-organize into 
some quasi-one-dimensional charge stripes (vortex lines) . 
It has been argued that the superconducting ground 
states are guaranteed by the energy minimum quasi-one- 
dimensional Peierls chains which are formed with the lat- 
tice confinement effect. In the framework of our theory, 
all the superconducting electrons can be considered as the 
"inertial electrons" at some stable zero-force positions. 
Furthermore, we have proved analytically that two elec- 
trons, due to the nearest-neighbor electromagnetic inter- 
actions, can be in pairing inside a single plaquette with 
the d-wave pairing symmetry. Our results suggest that 
the pseudogap is a common feature that can be found 
from a wide variety of materials, not just the cuprate 
superconductors. 
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